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LIFTING COMMUTING 3-ISOMETRIC TUPLES 


BENJAMIN RUSSO 


Abstract. An operator T is called a 3-isometry if there exists operators B\(T*,T) and 
B 2 (T*,T) such that 


Q(n) =T* n T n = l + nB 1 (T*,T)+n 2 B 2 (T*,T) 


for all natural numbers n. An operator J is a Jordan operator of order 2 if J = U + N where 
U is unitary, N is nilpotent order 2, and U and N commute. An easy computation shows that 
J is a 3-isometry and that the restriction of J to an invariant subspace is also a 3-isometry. 
Those 3-isometries which are the restriction of a Jordan operator to an invariant subspace 
can be identified, using the theory of completely positive maps, in terms of a positivity 
condition on the operator pencil Q(s). In this article, we establish the analogous result in 
the multi-variable setting and show, by modifying an example of Choi, that an additional 
hypothesis is necessary. Lastly we discuss the joint spectrum of sub-Jordan tuples and derive 
results for 3-symmetric operators as a corollary. 


1. Introduction 


Let H denote a complex Hilbert space and 38(H) the bounded linear operators on H. 
An operator T on H is a 3-isometry if 



Equivalently an operator T is a 3-isometry if there exist operators B\(T *, T), B 2 (T*,T) G 
38(H) such that, 


T* n T n = I + nBl ( T * ? T ) + n >B 2 ( T * ? 


( 1 ) 


for positive integers n. Similarly, T G 38(H) is a 3-symmetric operator if 


expHsT*) exp (isT) =1 + sB^T*, T) + s 2 B 2 (T*, T) 


( 2 ) 


for some B\ (T*, T), B 2 (T*,T) G 38(H) and all real numbers s. In particular, if T is a 
3-symmetric operator, then T = exp(iT) is a 3-isometric operator. 
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An operator J is s-Jordan (of order 2) if J = S + N, where S and N commute, N 
is nilpotent order two, and S is self-adjoint. A calcuation shows J is an example of a 3- 
symmetric operator. Similarly J is u-Jordan (of order 2) if J = U + N, where U and N 
comminute, U is unitary, and N is nilpotent of order two. One can check that it-Jordan 
operators are 3-isometric and if J is an s- Jordan operator, then exp(iJ) is it-Jordan. For the 
remainder of the paper we will refer to it-Jordan and s-Jordan operators as simply Jordan 
when it is clear from context which type is being discussed. 

An operator T on a Hilbert space H has an extension or lifts to an operator J on a 
Hilbert space if there is an isometry V : H K such that VT = JV. If J is 3-isometric 
(resp. 3-symmetric) and T lifts to J, then T is 3-isometric (resp. 3-symmetric) since, in that 
case, 

_ y* J* n J n y 

and the right hand side is quadratic in n. 


Theorem 1. T G is a 3-symmetric operator if and only if T has an extension to an 

operator of the form 


J 



where A is self-adjoint and A G C. 


Agler established Theorem 1 in the general case in [Agl80] . A preliminary version of the 
result was initially proven by Helton in [Hel71] . 

The notation A >z 0 indicates that the operator A on Hilbert space is positive semideh- 
nite. Given c > 0, let denote the class of 3-iso metric operators T such that 

Q(T, s):=I + sBi(T*, T ) + s 2 B 2 (T\ T ) - \b 2 (T\ T) y 0 

c z 

for all s£i 


Theorem 2. [MR15 ] [3-isometric lifting theorem] An operator T on a Hilbert space H is in 
the class 5 C if and only if there is a unitary operator U on a Hilbert space K and an isometry 
V : H —>■ K © K such that VT = JV, where 


J 




Moreover, if T is invertible, then, VT 1 = J 1 V, the spectrum of T is a subset of the unit 
circle, and U can be chosen so that a(T) = a(U) = cr(J). 


By use of a functional calculus argument Theorem 1 can be recovered from Theorem 2. 
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In the case of tuples of 3-symmetric and 3-isometric operators, the picture is not as 
clear. Ball and Helton [BH80] first considered a natural simplification of the problem. Let 

{ Jn = S n + N n } 

be a finite collection of commuting Jordan operators such that the nilpotent parts have the 
following relation, 

NiNj = 0 

for all i and j and the S n are self-adjoint. We will call this a commuting Jordan family. Let 
{T n } be a finite collection of commuting 3-symmetric operators that satisfy the following, 

Q( S ) = e~‘“ T i ... e-- T ; e ‘“ T ’ ... e‘“ T ‘ = V B jt ,... Jk 4‘ ...*“. 

jl,—jk 
j lH- \-jk< 2 

We will call this a commuting family of 3-symmetric operators. 

Conjecture 1. [BH80] A collection of operators {T n } can be extended to a commuting Jordan 
family {J n } if and only if {T n } is a commuting family of 3-symmetric operators. 

Ball and Helton established this result using disconjugacy theory for multivariable 
Sturm-Liouville operators for tuples T of 3-isometric operators with a cyclic vector and 
satisfying a certain smoothness hypothesis. In this paper we show that an analog of this 
conjecture for tuples of 3-isometric operators is false and give a counter-example. 

Definition 1. A commuting 2-tuple of operators T = (Tj,T 2 ) is a 2-tuple of 3-isometries if 
there exists bounded operators B %rj for 0 < i + j < 2 (and i , j > 0) such that 

Q T (n,m) = TZ m Tf n T?T™ = rrJrJB^ 

0<i+j<2 

for all (n, m) G N. We will call Q T the associated quadratic pencil. 

Definition 2. Fix positive real numbers c, d. A 2-tuple of commuting 3-isometries T = 
(Ti,T 2 ) is in the class #( Cjd ) if 

Qt{ck,/3) = Qt(oi, P) — ^ 2 ^ 2,0 — ® 

for all (a, /?) G M 2 . 

The following definition identifies a canonical class of model operators for the class T c ^. 
Definition 3. Given c,d> 0 a 2-tuple J = (A, J 2 ) is in the class 3c,d if 




(in 

cUi 

0 N 

(u 2 

0 

dU 2 \ 

(3) 

Ji = 

0 

U\ 

0 

, J 2 — 0 

U 2 

0 




0 


V® 

0 

In / 


for some unitary operators Ui, U 2 that commute. 
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Given J G 2 c ,di compute, for non-negative integers m, n, 


(l/j 

ncUi 

0 

\ 



f U f 

0 

mdUlft^ 

0 

Uf 

0 


1 

jm 

0 

TTm 

u 2 


0 

v° 

0 

U[') 




0 


u r / 




( 

1 

nc 


md 

\ 


j*m j*r 
J 2 

jn jm 

= 

nc 

n 2 c 2 + 

1 

ncmd 






\md 

ncmd 

m 2 d 2 + 

V 



It follows that 2c, d G 5c, d- 

Theorem 3. A 3-isometric 2-tuple T = (Tj , T 2 ) in the class 2c, d lifts to a 2-tuple J = (Ji, J 2 ) 
in the class 2c,d if and only if the the quadratic pencil Qt(ch,P) factors in the form, 

Q T (a, P) = (G 0 + + PV 2 )*(V 0 + + PV 2 ) 

for some operators V 0 , Vj and V 2 in 38(H). 


Theorem 3 is proved in Section 2. 

The proof of the first part of the following remark for 3-symmetric operators appears in 
[BH80]. The proof of the result for 3-isometries is similar. The proof of the second part of 
the remark can be found in Section 3. 

Remark 1. If H is finite dimensional and T G 2c, d, then T is a pair of commuting u- Jordan 
operators and the sufficient condition of Theorem 3 is easily verified. Otherwise H is infinite 
dimensional and Qj factors in the form above with V :j \ II —> H, where H is an auxiliary 
Hilbert space, if and only if it factors with Vj G 38(H). 

Section 3 exhibits, by construction, a 3-isometric 2-tuple T in the class 2c,d for which 
Qt does not factor (in the form given in Theorem 3). We show that this T does not lift to a 
J G 2cd and further that T does not lift to any Jordan operator in any class d f° r an y c and 
d. In this sense the 3-isometric analog of the conjecture of Ball-Helton is false. In Section 4 
we show, by a functional calculus argument, that a 2-tuple of 3-symmetric operators lift if 
and only if its associated operator polynomial factors. 


2. Extensions of Theorems 

We begin by extending the results found in [MR15] to 2-tuples of invertible commuting 
3-isometries in 2c,d- While the proofs only deal with 2-tuples, the extension to general 
n-tuples is apparent. 

A subspace A of 38(H) is unital if it contains the identity and is self-adjoint if T G A 
implies T* G A. For a given ^ gN, let Mjv(C) be the space of N x N matrices with complex 
entries, denoted Mn when the context is clear. Moreover, we denote with Mn(A) the space 
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of N xN matrices with entries from A. Note M^(A) can be identified with a subspace of 
the bounded operators on = H @ ■ ■ ■ ® H (iV-copies) as well as with M N ® A. 

Definition 4. Suppose H and K are Hilbert spaces and A is a unital self-adjoint subspace 
of 38(H). A mapping p : A —> 38 (K) is called positive if it maps positive elements to positive 
elements i.e. p(a) > 0 if a > 0. A mapping p : A —> 38(K) is called completely positive if 
the mapping I n ® p : M n <g) A —* M n <g) 38(K) is positive for all n G N. 

Definition 5. Let n, N and M be given positive integers. An hereditary polynomial 
p(x, y) (in two variables) of size n and bi-degree at most (M, N) in invertible variables 
x 1 ,y 1 ,x 2 , and y 2 such that y\ and y 2 commute and X\ and x 2 commute, is a polynomial of 
the form 

M,N 

(5) p(x 1 ,yi,x 2 ,y 2 ) = ^ P 1 ,a,p,&y 1 2 yiX{x^. 

5,^=—M 
a,/3=-N 

Here the sum is finite and p 7 ,a ,^,5 are n x n matrices over C. Again, let V n be the collection 
of 2-variable hereditary polynomials of size n and let V = (V n ) n denote the collection of all 
hereditary polynomials. 

Given a pair of commuting invertible operators 7\ and T 2 on the Hilbert space H , let 

( 6 ) n(T u T 2 ) = span{T 2 * 7 T,*“TfT 2 5 : 7 ,ot,P,6e Z}. 

Note that ^(T l7 T 2 ) is a unital self-adjoint subspace of 38(H). Recall that the Gelfand- 
Niamark-Segal construction realizes an abstract C'*-algebra as a subalgebra (unital and self- 
adjoint) of some 38(H). 

Theorem 4 (Stinespring). Let A he a unital C*-algebra and (j) : A —> 38(H) a linear map. 
If f is completely positive, then there exists a Hilbert space K,, a unital *-homomorphism 
7r : A —y B(K), and a bounded operator V : H —> K. with ||0(1)|| = ||R|| 2 such that 

0(a) = V*n(a)V. 

We now present a version of the Arveson Extension Theorem for 2-tuples of operators. 

Theorem 5 (Arveson Extension Theorem). Suppose that Tf and T 2 are invertible operators 
on a Hilbert space H and S\ and S 2 are invertible operators on a Hilbert space K . There is 
a Hilbert space 1C, a representation 7 r : 38(K) —> 38(1C), and an isometry V : H —» K such 
that VT^Tf = 7 r( Ji) l3 n( J 2 yV for all 0,7 G Z if and only if the mapping p : H(J \, J 2 ) 
H(Ti,T 2 ) is completely positive. 

Proof. Suppose p : H(J \, J 2 ) —> TL(T X , T 2 ) determined by p(J(pJ() a J\ J 2 ) = TpTf^T^Tf is 
well dehned and completely positive. In this case, by Theorem 4, there is a Hilbert space /C, 
a representation 7r : 38(H) —> 38(Kf) and an isometry V : H —$■ 1C such that 

V*tt (jpj* a J?JpV = p(jpj* a J^Jp = TpTpTfTl 
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Since n is an algebraic homomorphism which preserves involutions, 

(7) H%(J 2 )* 7 7r(Ji)* a 7r(Ji)^r(J 2 )V = TpT™T?T*. 

For each 7 , (3 e Z, 

E%(J 2 )* 7 7r(Ji)*^r(Ji)^r(J 2 ) 7 E = T* 7 T^T^T 7 

= v*7i(j 2 )^7i(j 1 y fi vv*7i(j 1 ) f} n(j 2 yv 


by Equation (7). Hence 

V*'n(J 2 )* 1 7i(J 1 )*^7i(Ji)^7r(J 2 )' Y V — V*'k{J 2 )* 1 'k{Ji)*^VV*'k{JiY'k{J 2 ) 1 V 
Since / — VV* is a projection and hence idempotent, 

l/*7r(J 2 )* 7 7r(J 1 )* /3 (J - Hl/*) 2 vr(Ji) /3 7r(J 2 ) 7 l/ = 0. 

Therefore 


Consequently 


Again by Equation (7), 


(/ _ HH*)7 r (J 1 )/ 3 7r(J 2 ) 7 V = 0. 
7r(Ji)%(J 2 ) 7 E = VV*7r(J 1 ) /3 7r(J 2 ) 7 V. 
VTfT. 7 = 7r(J 1 ) /3 7r(J 2 ) 7 E. 


0 . 


Since the converse is not needed for any of our theorems, we omit the straightforward 
proof. □ 


In [MR15], a strong variant of Theorem 5 was proven using Agler’s synmretrization 
technique. 

Definition 6. Given a two-variable hereditary polynomial p(xi,x 2 ,yi,y 2 ) as in Equation 5, 
define its symmetrization p s by 

( 8 ) p s = ^py, a , a ,yy 2 yixix 0 2 . 

Similarly, let 

(9) Hs(T. 1 , T 2 ) = span{Tf T* a T^ : «,^Z}. 

In order to prove a strong variant of Theorem (5) we will need several lemmas. They are 
presented below. 

Definition 7 (Pairwise Rotationally Symmetric). A pair of operators Sj and S 2 is pairwise 
rotationally symmetric if for all t e R 2 , t = (£i,£ 2 ), there exists a unitary operator U t such 
that 


y tl S 1 = U;S x U t and e it2 S 2 = U*S 2 U t . 
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Example 1. Define on £ 2 (T 2 ) the operators 


( 10 ) 


Zx ■ £ 2 (T 2 ) ->■ £ 2 (T 2 ) Z 1 f(z 1 , z 2 ) = Z!f( Zl , z 2 ) 


and 


( 11 ) 


Z 2 '■ £ 2 (T 2 ) —> £~(T 2 ) Z 2 f(zi, z 2 ) — z 2 f(zi, z 2 ). 


Given t, define U t on £ 2 (T 2 ) by U t f((i,( 2 ) = /(exp(iH)(j,exp( 2 f 2 )C 2 )- A calculation shows 
U t Zj = exp(itj)ZjU t . Hence the pair (Zi,Z 2 ) is pairwise rotationally symmetric. 

Lemma 1. If S 1 and S 2 are pairwise rotationally symmetric operators and Ti and T 2 are 
operators on a common Hilbert space, then T\ — T\ S\ and T 2 = T 2 ® S 2 are pairwise 
rotationally symmetric. 

Proof. Since Si and S 2 are pairwise rotationally symmetric, for each t = (t\,t 2 ) e M 2 there 
exists a unitary operator U t such that 


e ltl S 1 = U* S± U t and e u 2 S 2 = Uf S 2 U t . 

Since e ltl Ti — T\ Cg) e ltl S\ and e lt2 T 2 = T 2 ® e lt2 S 2 , to see that T\ and T 2 are pairwise 


rotationally symmetric, consider the operators U t — (/ (g) U t ). 


□ 


Lemma 2. If J\ and J 2 are pairwise rotationally symmetric, q G Vand q{J \, J 2 ) >z 0, then 


q s (Ji,J2)h 0 . 

Let T\ and T 2 be given invertible operators on the Hilbert space H and let W : H —^ 
H <£> £(T 2 ) denote the isometry Wh = h ® 1. If P G V n , then 



We will occasionally use the notation p(T*, T) for p(Tf, Tf, T 1; T 2 ). 


Proof. Let n denote the size of q (i.e. q G V n ). For each t = (ti,t 2 ) G M 2 there is a unitary 
operator U t such that 


e Ul Ji = UfJJJ t and e it2 J 2 = U*J 2 U t 
by a combination of Lemma 1 and Example 1. Hence 


u;j,.hu t = ur.huw.hu. 


t a 2 J\u t — u t j 2 u t u t J\Ut 


It follows that 



Hence, 



• lh J u U t2 J 2 ) dt U 0. 
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To prove the second assertion, let p E V\ and compute 

(p{T 2 *,T 1 *,T 1 ,T 2 )Wh , IT/) =(p(f 2 \ T 2 )h®l, f® l) 

= ( E P,,a,psTMh®e u ^e^, T?Tf f ® e^V * 1 

\7,a,/3,i5 

= (^Pfta,«,tiT 2 * fl r 1 *“r«r 2 ' , h, /) 

= (p‘(T;,T;,T 1 ,T 2 )h, /). 


Applying this result entry-wise, we get the result for P. □ 

Lemma 3. Suppose T 1? T 2 are invertible operators on a Hilbert space H and J\ and J 2 are 
invertible operators on a Hilbert space K. If J\ and J 2 are pairwise rotationally symmetric 
and the mapping p : J 2 ) —» H s {Ti,T 2 ) determined by p(J 2 * </f *Jf J 2 ) — T 2 *Tf*TfT 2 

is (well defined and) completely positive, then the mapping p : %( J \, J 2 ) —> %{T \, T 2 ) deter¬ 
mined by 

p(Jf*Jf*J^J 2 ) = f 2 *fffif 2 


is also (well defined and) completely positive. 

Proof. Fix a positive integer n and a p E V n and suppose p(J*, J ) A 0. We are to show 
p(T *, T) P 0. Given a pair of integers (M, iV) let P denote the (2 M + 1) x (2 M + 1) matrix 
whose entries are the (2 N + 1) x (2N + 1) matrices whose entries are n x n matrices, 

( 12 ) P = (((4 ® vl 2 ) {In €> yf) p(x,2/) (4 ® 4 1 ) (4 ® k __ M 

Thus P(T*, T ) is an operator on ((C n ® H) ® C 2JV+1 ) ® C 2M+1 and the entries of P(T *, T) 
are operators of (C n ® H) ® C 2iV+1 given by 

(13) ((In® T, 2 ) (/„®r/‘)p(T*,T)(/„®Tf‘) 

Note that P(J*,J) P 0 and thus, by Lemma 2, P S (J*,J ) P 0. Thus, by the hypotheses 
of this lemma, P S (T*,T ) P 0. Let {ei,..., e n } denote the standard basis for C n . Reusing 
notation, let {/_jv, ..., / 0 ,..., /at} and {/_m> • • •, fo, ■ ■ ■, /m} denote the standard bases for 
C 2N+1 and C 2M+1 respectively. A generic vector in C n ® H ® C 2N+1 ® C 2M+1 , the space that 
P(T*,T) acts upon, has the representation 

Jl ^ ^ bj.a.o ® t- j ® fa ® fa- 
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Let pj'k(T*, T ) denote the j, k- th entry of p(T* } T). Compute, using Lemma 2, 

0<(P s (T 2 *,T*,T 1 ,T 2 )h, h) 

= (p(T*, T*, Ti, T 2 )h 0 1, h 0 1^ 

= ^ ^ (r* b f*/ Pjtk (f*, f) t?t? h hCha 0 i, h kAfi ®iy 

a,b,a,(3 j,k 

(M) = ^ £>*,^ T 2 V h J.a, b < 8 > 44 , T^h k , a ,p 0 44 ) 

a,b,a,/3 j,k 

= E U E T”R^,a,i. ® *?*?], E r f ® 44]> 

j,k a,a b,fi 

= (p(T*,T)g, g), 

where 

n N M 

j = E E E T^h^szizl 

j =1 a=—N a=—M 

Since Tf and T 2 are invertible, given vectors gj, a ,b G H , there exists vectors hj^b such that 

n N M 

f) = Yl Y1 Y1 9j,a,b®Z C tz%. 

j =1 a=—Na=—M 

Finally, since vectors of the form p are dense in H 0 L 2 (T 2 ), it follows that p(T*,T) E 0; 
i.e., that map p is completely positive. □ 

Lemma 4. Suppose T\ and T 2 are invertible operators in 38(H). If p EV and 
p(T 2 ,T\ ,Ti,T 2 ) > 0, then p(T 2 *,T\*,T\,T 2 ) > 0. In particular the mapping 

r : p(f 2 *, 4*, f l5 f 2 ) ^ p(T 2 *, T4, T 1} T 2 ) 


is well defined. 


D 


NM ~ 


1 1 
y/2 N + 1 42M + 1 


TV M 

J] ^ e ij V fet2 

j=—N k=—M 


G L 2 (T 2 ). 


Proof. Let 
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If /, h G H , then for a, fi, 7 , 5 G Z, 
(T 2 ^T 1 * P T 1 a T 2 6 h®D NtM , 

= ^Ti T 2 T\ T 2 f < 8 )-Djv,m^ 

= (TfTjf/i, TfT 2 7 /) (z^Av.m, ^ 2 7 Av,m) 


= (rfTlh, TfT 7 /) 
= (TfT 2 5 h, TfT 7 /} 


(2M + 1)(27V + 1) 

2N+l-\a~fi\\ (2M + 1 — (7 — h| 


N+\a-j3\ M+I 7 —5| 

£ 

—AT+|ck—/ 5| fc=—M+I 7 —<5| 


^ e ijtl e ikt2 , 


2N + 1 




2M+ 1 


AT M 

Y1 e ijtl e ikt2 

j=—N k=—M 


Thus if p G Vi, 


lim lim 

iV—>-oo M—>-oo 


p(T£, T*, Ti, T 2 )h <g) Dtf'M, f C§ D NjM ) — (p(T 2 , T*, T 1; T 2 )h, /) 


Hence if p(T 2 , T*, T), T 2 ) £ 0, then p(T 2 *, T*, T), T 2 ) £ 0 as well. The case for square matrices 
is easily established. □ 


Proposition 1. Suppose T\ and T 2 are invertible operators on a Hilbert space H, and J\ 
and J 2 are invertible operators on a Hilbert space K. If J\ and J 2 are pairwise rotationally 
symmetric and the mapping p : H s (Ji, J 2 ) — > 'H S (T 1 ,T 2 ) determined by p(J 2 3 J* a JfJ 2 ) = 
Tf l3 Tf a TfT 2 is well defined and completely positive, then there is a Hilbert space 1C, a rep¬ 
resentation n : £${K) —> B{JC), and a isometry V such that VTffTf = 7i(Ji) n n(J 2 ) m V for 
m,n £ Z. 

Proof. The mapping r : PLiT 1 , T 2 ) —$■ Pi(Ti,T 2 ) as described in Lemma 4, is well defined and 
completely positive. The mapping p : PL(J\,J 2 ) —* Pi(T 2 ,T 2 ) as described in 3 is also well 
defined and completely positive. Their composition 

p = r op 

is well defined and completely positive. The proposition now follows from Theorem 5. □ 


Fix c, d > 0 and define, for ()<?'+ j < 2 (here i, j are non-negative integers), the 3x3 
matrices B tJ by 


(15) I+ Y, B H ai P j 

0<i+j<2 

and B 0)0 = I - ^B 2fi - -^B G)2 . Define, 


/ 1 

a c 

fid \ 

a c 

1 + a 2 c 2 

afi cd 

\^/3 d 

a(3 cd 

1 + fi 2 d 2 j 




(u l 

c.U\ 

0 ^ 


(u 2 

0 

dU 2 \ 

(16) 

Jl = 

0 

U! 

0 

CJ 2 — 

0 

u 2 

0 



1 ° 

0 

u ') 


1 ° 

0 

u 2 / 
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where U\ = Z\ and U 2 = Z 2 , the pairwise rotationally symmetric operators in Example 1. 
We note J\ and J 2 are pairwise rotationally symmetric via Lemma 1. It is clear that from 
the calculation done in Equation (4) that J = {J \, J 2 ) G Z c ,d and 

(17) Qj(a,P) = (l+ ]T 

0<i+j<2 

In particular B % fiJ) = B, j <g) / and we dehne L>o,o(77) = B 0)0 < 8 > /. 

Lemma 5. IfT = (Ti,T 2 ) is in the class $ c ,d, and 

Qt(oz,/3) = Qt{oi,/3 ) — —B 2 fl{T) - —B Qt2 (T) Z 0 

factors in the form, 

(18) Qt(cx,P) = (V 0 + aV 1 + pV 2 y(V Q + aV 1 + pV2), 

then the map p(J 2 3 Jf a JfiJ 2 ) = T 2 *^T 1 * a T 1 a T ; f is well defined and completely positive. 


Proof. Suppose the 2-tuple T = (Tj,T 2 ) is in the class 3c ,<2 and for notational convenience 
let 

B 0 ,o(T) = I - ^B 2>0 (T) - j 2 B 0 , 2 (T ) = 1- Tf) - ^B 2 {T 2 *, T 2 ). 


d 2 ' 


Note that 

Bo,o(T) Z 0 

since Qt(cx,/3) Z 0 for a = fi = 0. The spaces Jfi) and 'H s {Ti,T 2 ) are spanned by 

{B 0 ,o(J), B lfi (J), B oa (J), B ltl (J), B 2fi {J), B 0 j2 (J)} 


and 

{Bo,o(T), B lt0 {T), B 0>1 (T), B ltl (T), B 2 , 0 (T), B 0 , 2 (T)} 

respectively. For positive integers n, let M n denote the n x n matrices. The elements 
X G M n (g) di s { J \, J 2 ) have the form 


X= Y, x ij® B iAJ)- 

0<i+j<2 

Equivalently, 



( x o,o 

cXi,o 

dX o,i \ 

X = 

cX\fi 

c 2 X 2 , o 

cdX i : i 


\dX op 

cdX i _ i 

d 2 x 0 , 2 y 


If X Z 0, then each X l:3 is self-adjoint. Further X Z 0 if and only if 



( X 0,0 

X l,0 

x (U \ 

Y = 

X l,0 

X 2,0 

x i,i 


\ x o,i 

X l,l 

X 0,2 ) 
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is as well. In this case, there exists 3 n x n matrices Y 0 , Y x , Y 2 such that 

V 0 U 2 


(X 0 , 0 

X lt0 

X 0 ,i\ 


( y A 

X h0 

X 2 ,o 

Xi,i 

= 

Yf 

\Xo,i 

Xi,i 

Xo,2 ) 


\y 2 ) 


Using the factorization (18), 

lm < 8 > p{X) = X U < 8 > 

= x 0 ,o ® u 0 *u 0 + x li0 (8) (v*^ + v?v Q ) + X 0jl <8) (U 0 *U 2 + u;u 0 ) 

+ X hl ( 8 ) (VfV 2 + V*V X ) + x 2)0 ( 8 ) (U^Ui) + X 0 ,2 ( 8 ) (U 2 *U 2 ) 

= (ho ® Uo + Y 1 <83 Ui + Y 2 <8> V 2 )*(Y 0 <8> Uo + Ui ® Ui + y 2 ® V 2 ). 
Since the right hand side is evidently positive, the map p is completely positive. 


(19) 


□ 


By Proposition 1 and Lemma 5 since J\ and J 2 are pairwise rotationally symmetric, we 
have shown a factorization (18) implies there is a representation i r such that the 2-tuple T 
lifts to the 2-tuple It remains to show that any representation applied to J = [ J \, J 2 ) 

produces a 2 -tuple of the same form. 

Lemma 6 . Let E be the Hilbert space that J\ and J 2 act upon. If E is also a Hilbert space 
and 7i : B(E) —>■ B(E) is a unital *-representation, then J\ = 7 r(J7i) and J 2 = 7 r (J 2 ) have, up 
to unitary equivalence, the same form as J\ and J 2 given by Equation (3) and in particular 
are in the class Zc,d- 

Proof. The proof proceeds much in the same way as it does in [MR15] but with some minor 
differences. The following relations are evident. 

i) J = W) + Mi where Wj is unitary, Mf — 0 for i — 1 , 2 . 

ii) WiMi = MiWi for i — 1 , 2 . 

iii) MiMf = M 2 Mf. 

iv) MiM* + M*Mi + MfM 2 = l. 

v) MiMj = 0 for i, j = 1 , 2 . 

vi) MiM* — 0 for i, j — 1 , 2 . 

From these relations, 

M X M X , 

m;m 2 , 

MiM* = M 2 Mf 

are pairwise orthogonal projections. Let Jj = vr(jTi), M = 7 r(A/i), and W t = 7 r(Wi) for 
i — 1,2. These must satisfy the same algebraic relations, i.e. 

i) J = Wi + M where W t is unitary, N? — 0 for i — 1, 2 . 

ii) WiNi = NiWi for *' = 1 , 2 . 
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iii) NiN* = N 2 N*. 

iv) N l N* + N*Ni + N*N 2 = 1. 

v) NiNj = 0 for i,j = 1, 2. 

vi) Nj,N* = 0 for i, j = 1, 2. 

From these relations, 

n*n 2 , 

TViiVi = N 2 N 2 

are pairwise orthogonal projections on E. For instance, 

N*N i = Ni (N±Ni + N;N 2 + Nj.NfiN! = (N*N i) 2 . 


Now decompose the space H as H = ran (NiNQ © ran (N*Ni) © ran (Wf N 2 ).The mappings 
Nj are unitary maps Qj from the range of N* to the range of N y Hence, with respect to 
the orthogonal decomposition of H as H = ran(7Yi-N*) © ran(A r 1 *A r i) © ran(A^A^), 


N\ 


(0 Qi 0 \ 
0 0 0 
v 0 0 0 J 


and likewise, 


N 2 


(o 0 q 2 \ 
0 0 0 
v 0 0 0 ) 


Thus, up to unitary equivalence, it may be assumed that Qj = I (and each of the summands 
in the direct sum decomposition is the same Hilbert space). Write 


W, 


(Ai 


Cj\ 

Dx 

E 1 

Fx 

\Gi 

H\ 



for some A±, B i, C\, D\ , E±, Fi, G i, Hi, and Jx operators. Since W\N\ = NiWi, 



(Ax 

Bx 

Cj\ 


(o 

I 

0^ 


(o 

Ax 

0^ 

WiNi = 

D 1 

Ex 

Fx 


0 

0 

0 

= 

0 

Dx 

0 


\Gi 

H, 

Jx) 


1° 

0 



1° 

G\ 

°) 



(o 

I 

0^ 


(Ax 

Bx 

C',\ 


(Dx 

Ex 

Fx\ 

NxWx = 

0 

0 

0 


Dx 

Ex 

Fx 

= 

0 

0 

0 


1° 

0 

V 


\Gx 

Hx 

Jx) 


1° 

0 

°/ 


we conclude 


A 1 = E 1 
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and 


Similarly, since W\ N 2 = N 2 W \, 
and 


D\ — F\ — G\ — 0. 

Ai = Ji 

H x = 0 . 


Hence 


W, 


(Ai B x C'A 

0 Hi 0 

y o o AiJ 


Since W\ is a unitary operator, 



(Ax 

B] 

cA 


( A * 

0 

0 ^ 


(I 

0 

0^ 

IV, W\ = 

0 

Hi 

0 


B* 

A* 

0 

= 

0 

I 

0 


1° 

0 

A x) 



0 

A\) 


1° 

0 

V 


where / is the identity operator. Hence, 


iMi + b x b\ + c\c; = /, 


AiAl = /, 
A\B{ = 0, 


= 0 . 


Note that the first two relations above show that B 2 = C\ = 0 and A ^ is an isometry. Hence 
W is diagonal with A\ down the diagonal. Since W is unitary, A\ is unitary. It follows that 



( Ul 

0 

0 ^ 

W\ = 

0 

U\ 

0 


1 ° 

0 

Ux) 

similar argument she 


( U 2 

0 

0 N 

W 2 = 

0 

u 2 

0 


1 ° 

0 

U 2 ) 


where U 2 is a unitary operator. Since [W {, W 2 ] = 0, it follows that [Ui, U 2 \ = 0. Hence, up 
to unitary equivalence, the Jj have the form claimed. □ 


The forward direction of the main theorem has been established. We now need only to 
prove that lifting implies factorization of the associated operator pencil. However, this is 
readily established. If T = (Ti,T 2 ) lifts to J = (J 1 J 2 ), then 

V*(Qj uJa (a,P) - ^B 2 i0 (J) - 1 B 0 , 2 (J))V = Q Ti ,t>,/3) - ^B 2fi (T) - ^B 0>2 (T). 
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Hence any factorization of 

Qj{a , 0) = (K 0 + aK\ + PK 2 )*(K 0 + a.K x + PK 2 ) 

gives the factorization of Qt as 


Q T (at, P) = V*(K 0 + aKi + PK 2 )*(K 0 + aK x + pK 2 )V. 
Since Qj factors as 

Qj(a,P) = 


/ 

/1 \ 

\ 


ac 

^1 ac pdj 


the conclusion follows. 


3. The Counter-Example 


This section has three parts. Let Q(a,P) be an arbitrary two variable quadractic pencil 

(20) Q(a,P)=I+ V a ifiB uk 

0<j+fc<2 

with coefficients B j k operators on a separable Hilbert space H such that 

(21) Q(a, P) = Q(a, P) - ^B 2fi - ^B 0<2 y 0 

for all (a, P) G M 2 . In the first part we show by construction there exists a commuting 
2-tuple of 3-isometries T e $ c d such that Qt factors if and only if Q factors. In the second 
part we show that given a positive integer n and positive map p : Sym 3 (C) —* M n , if the 
canonical quadratic pencil it determines factors, then p is completely positive. Hence, an 
example of Choi [Cho75b] of a positive p : Sym 3 —y M n which is not completely positive 
produces a quadratic two variable pencil which does not factor which in turn produces 
a counter-example to a natural generalization of the main lifting result of [MR15]. This 
counter-example is strengthened in the last part. 


3.1. Constructing Three Isometries. 

Let F be a vector space with basis {fj : j G Z}. In particular, the set {fj ® f k : j,k G Z} is 
a basis for the tensor product F <8> F. Define, on the algebraic tensor product H ® (F ® F) 
the sesquilinear form 


[h ® fj ® f k , ti ® fj' <8> f k '} 


{Q(j , k)h, h') H if j = j' and k = k' 
0 otherwise 


and the linear maps 


(22) T{h® fj® f k ) = h® f j+ i® fk 
and 

(23) S(h ® fj <g) f k ) = h® fj® f k+ 1. 
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Note that this sesquilinear form is positive semi-definite since Q takes, by hypothesis, positive 
semi-definite values. Let PL be the Hilbert space obtained from H <g) F <g) F by modeling out 
by the null vectors and forming the completion. We continue to denote the inner product 
on PL by [•, •] and let h® fj ® fk denote the equivalence class it represents in the quotient. 
We use freely the fact that V, the linear span of {h <g) fj ® fk '■ j,k E Z, h E H}, is dense 
in PL. 

Proposition 2. Given a 2-variable pencil in the form defined by (20), if there exists c,deR 
such that c > 0, d > 0 and 

Q(a, (3) — — fpBo ,2 h 0 

for all (at,/3) G M 2 , then the operators S and T defined in (22) and (23) are well defined and 
extend to invertible bounded operators PL. Moreover S and T are 3-isometries and 

(Qt,s(ck, f3)(h <g) fj <g) f k ), g®fa®fb^ =S(j,k),( a , b )(Q{<x + j,P + k)h, , 

where S is the Krocker delta function. In particular, ( S,T) is in the class $ c ,d- 

Proof. Let h — h® fj <g) fk be an elementary tensor and compute, 

2(1 + c 2 )[h , h] - [Th, Th] = ((2 Q(j, k) + 2 c 2 Q(j, k) - Q(j + 1, k))h, h } 

= fy + 2 c 2 Q(j, k) - B 0 ,1 - kB lyl - 2 jB 2 , 0 ~ B 2 , 0 )h, 

— k) + 2 c 2 Q(j, k) — Bq 1 — kBi i — 2jB 2fi + B 2 0 — 2B 2 fi)h, h 

= ((Q(j - 1, k) + 2c 2 Q(j, k) - 2B 2fi )h, h) . 


Since Q(a, j3) — ^B 2 , 0 — j?Bo, 2 b 0 for all (a, j3) G M 2 , certainly Q — ^B 2 , 0 h 0 and Q ^ 0 for 
all (a, P) G R 2 . Hence, [2(1 + c 2 )[h, h] — [Th,Th] > 0. Using orthogonality of the subspaces 
{h <g) fj <g) fk : h G H} for j, k G Z, it follows that for each h G H <g> F <g) F, 

2(1 + c 2 )[h, h] > [Th, Th}. 


Thus T is bounded on the algebraic tensor product and thus extends to a bounded operator, 
still denoted by T, on PL by continuity. A similar computation shows that S is also bounded. 

It is straightforward to verify that 


r j 1*3/ J '3 ^ J j j j f J I _ Q 


-i*2nn2 


a condition well known to be equivalent to T being a 3-isometry [AS95, MR15]. Likewise S 
is a 3-isometry. Since S and T are 3-isometries there exist Bi(T*,T), B 2 (T*,T ) 

and B 2 (S*, S ) such that for all natural numbers m and n, 

S* m S m = I + , S) + m 2 B 2 {S*, S) 
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T *n T n = I + 7eBi(T*, T) + V?B 2 (T* , T). 

Define, B 1)0 = B l (T*, T), H 0 ,i = B 1 (S*,S), B 2fi = B 2 (T*,T ), B 0,2 = B 2 (S*,S), and 

(24) = H u (8) / 0 /. 

Direct computation shows 

(25) [£i(T*, T)(/t (8) fj (8> A), (h® f a ® f b )] = %, fc ),( a ,b) ((Hpo + fc-Bi.i + 2jB 2fi )h, h) H , 

(26) [Si(S'*, S*)(/i (8> fj <8> fk),g® fa ® fb] = 8(j,k),(a,b) + jBi i + 2kB 0j2 )h, g) H , 


(27) 


[B 2 (T*,T)(h ® fj ® f k ), g ® f a ® f b \ = <%fc),(a,b) {B 2 flh, g) H , 


(28) [ B 2 (S *, S)(/i 0 fj 0 f k ),g 0 f a 0 / 6 ] = %,fc),(a,6) (-Bo i2 /i, 5 , ) h 

By the definition of 5i,i, 


(29) 


fk),9®fo®fb = %,*),(«,s) ( B 9) 


From the above equations it follows that 
(30) 

[(S™B 1 (T*, T)S”> ® fj ® A, J « u ® A] = <Wc»,« ((8i,o + (k + + 2jB 2 , 0 )h, g)„ 


Likewise, 


(31) [S'* m H 2 (T*, T)S^ 0 fj 0 A), g 0 fa 0 A] = <W(a,6) (^2,(A <?> • 

Hence, by equations (25),(26),(27), (28), (29), (30), and (31), 

[(S* m T* n TO m )(/i ® fj 0A),90/«0 A] 

= [S* m (l + nBi(T) + n 2 H 2 (T))5 m (h 0 fj 0 A), g 0 /« 0 A] 

= [/ + m5i(S) + m 2 H 2 (S) + nS* m Bi(T)S m + n 2 B 2 (T)(h 0 fj 0/ fe ),g0/ tt 0 A] 

= (/ + mB 0 i + n-B 10 + mnBxi + m 2 H 0 , 2 + n 2 B 2)0 )(h 0 fj 0 A), (d® fa® A)1 • 


We conclude, 

Qt,s((%> P) — I + «Hi,o + f3Bo t i + a/5Hi,i + a 2 B 2i 0 + /3 2 Ho,2 
The above equations give the following relationship 

(QT,s( a >P)(h ® fj ® A), 9® fa® fb) = 8(j,k),(a,b) (Q(a + j,P + k)h, g) H 

and 

(QT,s(a, P)(h 0 fj 0 A), 0® A0 A) = s (j,k),(a,b) {Q{oi + j, P + k)h , ^ . 


□ 
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Proposition 3. Let Q(a,(3) be a quadratic pencil of the form (20) satisfying the positivity 
condition (21) and let QT,s( a ,P) be the quadratic pencil for the 3-isometric 2-tuple (T, S) G 
Bed, constructed in Proposition (2). The modified pencil Q(a,(3) factors if and only if the 
modified pencil QT,s( a ,P) factors. 

Proof. By the conclusion of Proposition (2), 

(Q T ,s(a,P)(h® fj® fk), (h®fa®f b )^ =5(j tk ) t (a tb )(Q(a + j,P + k)h, g^ H . 
Suppose Qt,s(ch,I3) factors as 

Qt,s(<x, P) = (Vo + + PV 2 )*(V 0 + oPi + PV 2 ) 

where V) are bounded operators from PL into some auxiliary Hilbert space. Define U : P[ —?• PL 
by 

(32) Uh = (h® f 0 <8> f 0 ). 

To verify that U is an isometry, note 

\\Uh\\ = \\h®fo®fo\\ = \\QMh\\ = \\h\\. 

Now for all g,h G H 

{U*(V 0 + aV 1 + pv 2 )*(v 0 + aV i + PV 2 )Uh,g) 

= (u*Q TtS (a,P)Uh, g) 

— (Qt,s(oi, P)Uh, Ug ) 

= (&r,s(a,/3)(/i®/o®/o)> ( 0 ®/o®/o)) 

— (q(<*,P) h, g^j ■ 

Thus, Q factors as 

Q(a, P) = [(Vo + aV 1 + PV 2 )UY [(V 0 + aV, + PV 2 )U}. 

Conversely, suppose that Q(a,P ) factors as 

Q(a, P) = (Ho + + PV 2 )*(V 0 + c*Vi + PV 2 ) 

where the Vj are bounded operators from H into an auxiliary Hilbert space, which we label 
K for convenience. Let i 2 denote the Hilbert space f 2 (Z) with the standard orthonormal 
basis {ej : j G Z} and let K, denote the Hilbert space tensor product K ® ^ 2 <S> £ 2 ). Define, 
on the dense set V, equal to the span of elementary tensors h <E> fj <8> fk, of PL into /C the 
linear maps, 

tf«(E hj,k ® fj ® fk ) x>° + jV i + kV 2 )h j}k <2> (ej <8> e-k) 

w i(^ h jik <2> fj <g> fk) = ^ Vfhj.k <g> (ej <g> e fc ), 
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for i = 1, 2. Since, 

(Wo( h j,k ® fj ® /*), Wo 9a,b ® fa® fb )) 

= 5 j {Q{ji k)hj,ki 9a,b) 
j,k 

[ 5 y ^j,k ® fj ® fki 5 v ha,b ® fa ® fb\i 

Wq is an isometry on T> and thus extends to an isometry, still denoted Wo, from T~L into 1C. 
Similarly, 

(Wi (^2 h 3,k ® fj ® /*)> K, b ® f a ® fb)) 

^ Vih'jjk) 

j,k 

= J2( B *(S*,S)h j>k , hj, k ) 

j,k 

—C 5 3 Qjji k)hj jk , hj,k) 

j,k 

C [53 ^-/T' ® fj ® fki 5 ^ h a ,b ® fa ® fb\- 

Thus Wi is bounded on Z> and thus extends to a bounded linear operator, still denoted W±, 
from "H to 1C. Of course a similar statement holds for W 2 ■ 

Finally, 

((W 0 + aW 1 + PW 2 )*(Wo + aWi + /3W 2 )(/i J - fc ® fj ® f k ), (g a , b ®f a ® f b )) 

= ((Wo + aWi + /3W 2 )(h jfe ® fj ® f k ), (Wo + aWi + / 9W 2 )(h a , 6 ® f a ® /,)) 

= ((Vo + (a + j)Vi + (/3 + k)V 2 )hj yk , (Vo + (a + j)Li + (/3 + k)V 2 )h a ,b) 

%,fc),(a,6) ^Q(® T ji 3 T k)hj k , hjjj'j 

(^QT,s(hj, k ® fj ® fk)i (,fo a ,b ® fa ® fb)) ■ 

Hence Qt,s has the factorization (W 0 + aWi + /3W 2 )*(W 0 + aW\ + /3W 2 ). □ 

3.2. A positive but not completely positive map. In this section an example of Choi 
is used to produce a two-variable quadratic pencil which takes positive semidehnite values 
on M 2 , but does not factor. In turn this pencil is used, in Proposition 5, to give a counter¬ 
example to a natural generalization of the main result of [MR15]. 

Definition 8. An operator system S is a unital selfadjoint (vector) subspace of the bounded 
operators on a Hilbert space. Let E tJ denote the matrix units for M n . The matrix 

Ctf, = (4>(Eij))i t j G M n <E> S 

is the Choi matrix of the linear map <f : M n — y S. 
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The following lemma can be found in [Pau02] 


Lemma 7. Let S be an operator system. A map 0 : M n —$■ S is completely positive if and 
only if Cfj, is positive semidefinite. 

Recall the definitions of the 3x3 matrices from equation (15). They form a basis 
for Sym 3 (C). 

Lemma 8. Suppose S is an operator system and 0 : Sym 3 (C) —$■ S is a unital positive linear 
map. If the canonical pencil 




i+ 

0<i+j<2 


0<j+fc<2 


associated to 0 factors as 

QM 0) = (Vo + aVi + PV 2 )*(V 0 + aVi + PV 2 ), 

where the Vj are operators into an auxiliary space, then the map 0 is completely positive. 
Conversely, if the map 0 is completely positive, then factors. 

Proof. Suppose that the canonical pencil factors as 

Q^a, 0) = (V 0 + aV0 + PV 2 )*(V 0 + + PV 2 ). 

An element X E M n Sym(C) has the following form 



/^0,0 

Xi t o 

A 0 A 

X = 

A 1)0 

x 2fi 

A u 


\A 0jl 

A 1;1 

Ao, 2 y 


If X y 0, then each X tJ is self-adjoint and 


/A 0 , 0 

Ago 

A 0)1 \ 


(y ( \ 

Ago 

Ago 

Ai,i 

= 

Vj 

\Ao,i 

Apr 

A 0>2 ) 


{y 2 J 


Ro Vj 10 


2 > 


where the Yj are 3n x n matrices. Thus, 

(l m ® 4>)(x) = '^Tx.ij <g) (j)(B i}j ) 
(33) 


= A 0 , 0 ® V*V 0 + A 1>0 <S> (VffVi + RjA 0 ) + A 0)1 <8> (V*V 2 + V 2 *V 0 ) 

+ X ltl ® (VfV 2 + VfVi) + X 2i0 ® (VfV) + Xq 2 ® (V 2 *V 2 ) 

= (Vo <8> Vo + 11 <E> V\ + Y 2 ® V 2 )*(Y 0 ® Vq + 11 <E> Vi + Y 2 ® Vj) E 0. 


Hence 0 is completely positive. 
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We pause at this point to note some differences between the finite and infinite dimen¬ 
sional cases. There is a Hilbert space £ such that S C £$(£) and the V) map into an auxiliary 
Hilbert space K. In fact, 

2 

Vj : £ — y \J ran V t . 

i=0 

Thus, replacing K by V^ranT), ^ can be assumed that Vj map into £ 3 . Thus, if £ is finite 
dimensional, say S C M (in which case there is no harm in assuming S = M *,), then it 
can be assumed that Vj map into an auxiliary space of dimension of at most 3k. If £ is an 
infinite dimensional space, then £ 3 can be identified with £. 


Now suppose that the map 0 : Sym 3 C —> S is completely positive and S C £§{£). By 
Lemma 7, the Choi matrix Cj, is positive semidehnite and hence factors, 



^(Eoo) (j)(Eoi) (J)(Eq2)^ 


( c 0 \ 


(j)(E 10 ) 4>(Eu) </>(Ei 2 ) 

= 

Cl 


y0(^2o) 4>{E 2 i) (j>{E 22 ) j 


\v 2 ) 


where Vj map £ into an auxiliary Hilbert space. To complete the proof, observe that 


Qt(<*, P) = (C 0 + oC x + PV 2 )*(V 0 + oC + PV 2 ). 


□ 


We now present a map on Sym 3 (C) that is positive but not completely positive. By 
Lemma 8 this map produces a pencil that does not factor. 


Theorem 6 (Choi). There exists a positive linear map $ : Sym 3 (M) —>■ Sym 3 (M) that does 
not admit an expression as $(A) = V) T HI4 with 3x3 matrices V). The map 


( 


( a jk)jk l— ^ 2 


Oi 11 + 022 
0 
0 


0 

Oi 22 + «33 

0 


0 

0 


\ 


(Ojfc) jk 


«33 + Oil J 


is such an example. 


Choi’s map is not unital, since it sends the / to 31. We correct this defect by multiplying 
by a positive scalar. 

We will show that a variation of this map is not completely positive. 


Proposition 4. The unital positve map $ : Sym 3 (C) —¥ Sym 3 (C) given by 

n /on + 022 0 0 \ 

0 O22 + O33 0 

\ 0 0 033 + On / 


(34) (1 Oijk)jk ^ 


g ( a jk)jk 


Oijk £ C 


is not completely positive. 
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Proof. For a matrix A, let A denote the matrix whose entries are the conjugates of the 
entries of A. The notation A* and A T will denote the conjugate transpose and transpose of 
A respectively. Now suppose that is completely positive and thus extends, via Arveson’s 
extention theorem [Pau02], to a completely positive map also denoted by $ from M 3 (C) 
to M 3 (C). Thus, C$, the Choi matrix of <3>, is positive semidehnite. Consider the matrix 
C = hiilA . We note that C is the Choi matrix for some map T : M 3 (C) —> M 3 (C). 
From this point onward we will denote C as Cy. Since transposition is a positive map, 
Cq, is also a positive matrix and hence T is a completely positive map. Hence by Choi’s 
Theorem [Cho75a], there exist finitely many matrices (of the appropriate size) such that, for 
A G M 3 (C), 

(35) *04) = X) V ’ AV >- 

i 

To be clear, writing = (Cj k )^ k=1 where the Cij 3x3 are matrices, and using Cj k = C ^ • 
(since C = C*) 


C * = 


ai 


cl 


In particular, 
(36) 


(C n 

C\ 2 

C7i 3 \ 

1 

(cl i 

(c* 12 ) t 

( Q 3 ) t \ 

°12 

C22 

C23 

1 

+ 2 

C\2 

Cl2 

(C , 2 3 ) T 

\C? 3 

°23 

C33 ) 


^1 T 3 

C23 

C33 / 


c$ + c$ 

G\J/ — -o- 


We first show that the map T when restricted to Sym 3 (M) is the same map as <F restricted to 
Sym 3 (M). Let Ej k be the standard matrix basis elements and note the following basis for the 
symmetric complex matrices, { ; 1 < j < k < 3}. For i,j = 1,2,3, $(Ej k + E k f) = 

Cjk + C* k G Sym 3 (M) by definition as seen from (34). Hence 


c jk + c* k = {c jk + c* k ) T . 


Thus, 


+ E k j) 


c jk + ( c* k y c; k + cj k 

2 2 
C jk + C* k (C jk + C* k ) T 
2 2 
—Cjk + C* k = $(Ej k + E k j). 


Hence, 


^ls y m 3 (R) - $|sym 3 (R)- 


By (36) Cq, is a real symmetric matrix. Since Cy is positive it has a factorization into 
two real matrices. This is equivalent to the fact that = JT wjWi where each Wi is a 1 x 9 
matrix with real entries. Write Wi = (x\,x 2 , x\ ) where each Xj is a 1x3 matrix. For 1 < i < 3, 
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form the 3x3 matrices Wi whose j'-th row is xf Note that ^{E ] k ) = E jk W l and by 

linearity T (A) = Wj AAV t 

Hence, the matrices V t in the representation of T in (35) can be replaced by real matrices 
Wi and 

T(H) = ^WjAWi. 


Since 


^ / |sym 3 (R) ^ I Sym 3 


this is a contradiction of Theorem 6. 


□ 


Proposition 5. For each c,d > 0 there exists a 3-isometric 2-tuple of invertible operators 
(T, S ) in the a class $ c> d such that the pencil Qt,s does not factor. In particular, the 2-tuple 
(T, S ) does not lift to a 2-tuple (Ji, J2) in the class 3 Ci d. 

Proof. Given c, d > 0, consider the following basis for Sym 3 (C), 


(37) 



^0 

c 

0^ 


(0 

0 

d^ 


^0 

0 

0^ 

E>o,i — 

c 

0 

0 

; Bi 0 — 

0 

0 

0 

j Bi,i = 

0 

0 

cd 



0 

V 


yd 

0 

V 


v° 

cd 



(l 

0 

0^ 


(0 

0 

0^ 


/o 

0 

0^ 

£0,0 = 

0 

0 

0 

; -Bo,2 = 

0 

c 2 

0 

; b 2 ,0 = 

0 

0 

0 


U 

0 

oi 


u 

0 

o, 


\0 

0 

d 2 , 


We note B 00 = I — ^I?o,2 — By Proposition 6 there exists a unital positive but not 

completely positive linear map <f> : Sym 3 (C) —> M 3 (C). Thus, 

(38) 

/ / 1 ac fid \ \ 


0 ^ <f> 


V 


/ 


4 ( W c-^bA = v 

\0<i+j<2 ) 0<i+j<2 


= Q${a,f3). 


ac a 2 c 2 a/3cd 
yfid af3cd (3 2 d 2 J 

Here we have used the notation in Lemma 8. By Lemma 8 the canonical pencil Q$(a,/3) 
does not factor since $ is not a completely poistive map. Let 

Q = I+ V By 

0<i+j<2 

where 

Note 


Q(a,P)- 4^0.2 -^B 2i0 = = Q*(a,P). 

0<i+j<2 


By Proposition 2, since Q(a,P) 8 0 we can construct a 2-tuple ( T,S ) in the class such 

that QT,s{ a ,P) does not factor. By Theorem 3, the 2-tuple (T, S) does not lift. □ 
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3.3. Strengthening the Counter-Example. While the counter-example of Propostion 5 
answers the natural question of whether 2-tuples T in 3c, d always lift to a 2-tuple J in the 
class 3 C ,d, we will actually construct a stronger counter-example. Given a quadratic pencil 
which does not factor we will construct a 2-tuple of commuting 3-isometries that does not 
lift to a 2-tuple J in any of the classes Zc,d- Let 



(39) 


0<*+i<2 


be a not necessarily monic quadratic pencil with G 33(H) which does not factor. The 
existence of such objects is given by Proposition 4. We begin with the following lemma. 

Lemma 9. If Q(a,/3) does not factor in the form 


Q(a, P) = (Go + + PV 2 )*(V 0 + c*Vi + PV 2 ) 

and if r G 33(H) is positive semidefinite, then Q(a,(3) — V does not factor in the form 
Q(a,P) - T = (Wo + aWx + pW 2 )*(W 0 + albi + pW 2 ). 


Proof. We prove the contrapositive. Accordingly, suppose 

Q(a,P) - T = (Wo + aW 1 + PW 2 )*(W 0 + aWi + PW 2 ), 

in which case 

Q(a,P) = (W 0 + aWj + PW 2 )*(W 0 + aW^ + pW 2 ) + T. 
Since, T >z 0, there exists A G 33(H) such that V = A*A. Hence, 



□ 

We now show there exists a monic pencil Q(a,P) such that Q(a,P) — ^B 2)0 ~ ^B 0 , 2 
does not factor for all c, d for which 



Theorem 7. For each cq, do > 0 there exists a monic quadratic pencil 


Q(a, P) — I + 


0<i+j <2 



such that 

(*) 


for all (a, P) G M 2 
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(it) if c,d > 0, then there does not exist an auxiliary Hilbert space K and operators 
Vo, V U V 2 E 33(H, K ) such that 

Q(a, P) - ^0,2 - ^B 2fi = (Vo + otV\ + PV 2 )*(V 0 + + PV 2 ). 

Proof. Let Q(a,P) be the non-monic matrix valued pencil that does not factor, i.e. 

Q(a,P) := Q*(a,P) = $ ( ^ 

\0<j+j<2 

where $ is the map from Proposition 4 and Qq>(a,P) is the pencil defined by Equation (38) 
in the proof of Proposition 5. The first step is to show that we can assume that Q is monic 
and that there exists a 5 > 0 such that 


Q(ot,P) h SI 

for all a, P E R. For an operator A E 33(H) the notation A P 0 will mean that for all x E H 

(. Ax , x) > 0 . 

We start by considering the following pencil 


Q e (a, P) = Q(a, /?) + el >- 0. 


Here we need to choose £ > 0 so that the Q(a,P) + el still does not factor. By Lemma 8 
Q(a,P) will factor if and only if the map <f> is completely positive. The map <f> is completely 
positive if and only if its Choi matrix is positive semidehnite by Lemma 7. Since <f> is 
a unital map, and by definition of Q(a,P), we will have that Q(a,P) + el will not factor if 
+ el is not positive. Since C$ is not positive in the first place, we simply need to pick 
an £ > 0 small enough so that + el is not positive. We note that 


Q(a,P) = $ 


/ 1 

a Co 

K Pd 0 


a Co 

a 2 Cg 

aPc 0 d 0 


Pdo \\ 

aPcodo 

/ / 


where cq and do come from the choice of basis as in (37). Since $ is a unital map 


Let 


Q e (a,P)=$ 


( 


\ 


(l 


S QICq 


Pd 0 \ 


aco a 2 Co + e aPcodo 
^ Pdo aPcodo P 2 df + ej 




7 


Qs(ct,P)= ai P jR 

0<i+i<2 


M- 


In particular 


Qe( 0 , 0 ) — Boo ^ 0 . 
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Let A = B 0 g 2 AO and note that 

Q e (oc, (3) ■■= A *[Q(a, (3) + el] A y 0 

and is monic. Now choose a 6 > 0 such that eA*A A 81. Hence Q e (a,{3) is monic and 
Qe{a,/3) A SI. 

With our assumptions validated from this point on we will assume we have a monic 
matrix pencil Q(a,(3 ) such that 

Q(ot,(3) h 81 

for all (a,/3) E R 2 . Let 

Q(a,P)=I+ J2 ai P iB iJ- 

0<i+j<2 

For all (c, d) E R 2 such that 

61 - (? Bo ' 2 + h B2 -°) 

the pencil Q is monic, 

Q(a,P) ~ A 0, 

and does not factor by Lemma 9. □ 

We summarize in the following proposition. 

Proposition 6. There exists c 0 , d 0 > 0 and a 3-isometric 2-tuple of invertible operators 
(T, S ) in the class $ co ,do suc h that (T, S) does not lift to any 2-tuple J in any class 3 c ,d- 

Proof. The proof follows from an application of Propositions 2 and 3 and Theorem 7. □ 


4. Spectral Considerations and 3-Symmetric Operator Tuples 

Given a 2-tuple of 3-isometries in a class ^ Ct d that lifts to a 2-tuple of commuting Jordan 
operators we will first show some control over the joint spectrum of the Jordan 2-tuple. 
Secondly, we will establish, by a holomorphic functional calculus argument, a lifting theorem 
analogous to Theorem 3 holds for 3-synnnetric 2-tuples. 

4.1. Spectral Considerations. Let er Tay (T) denote the Taylor spectrum of the tuple T of 
operators on a Hilbert space. For an inviting exposition of the Taylor joint spectrum see 
[Cur88] . 

Proposition 7. Suppose T is a 2-tuple of invertible operators and c, d > 0. If T lifts to 
a 2-tuple J G f$c,d, then a^ y {T) C cr Tay (J). Moreover, in this case there exists a 2-tuple 
J? E Zc,d such that T lifts to J? and a^yiT) = crTay(^)- 
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Let U = (C/i,C/ 2 ) be the unitary commuting tuple appearing in J = (Ji,J 2 ). By the 
form of J it is easy to see, 

v{Ui) = a(Ji). 

However a result involving the Taylor spectrum of U and J can be achieved. 

Proposition 8. For Jordan 2-tuple of the form (3) 

OTay {U) = TTay(T) 

where U = (Ui, U 2 ) is the 2-tuple of unitary operators appearing in J = (Ji, J 2 ). 

Proof. By Proposition 7, aray(fA) C ffTay(</)• On the other hand, as seen in [Cur88], for 
operators A, B and C on Hilbert space, 

A 0Tay(7l) U CTTay(H). 

In our case this shows that aT& y (J) O a^yifJ) and the proof is complete. □ 

The proof of Propostion 7 occupies the remainder of this subsection and is broken down 
into a series of subresults. 

For a compact set AT, let co(AT) denote the convex hull of K . If K c C n is compact, 
then, by Caratheodory’s Theorem, co(AT) is also compact (and hence closed). For a closed 
convex set K, let Ext (A") denote the set of extreme points of the K. 

Lemma 10. The set of extreme points of co(T 2 ) is T 2 . 

Proof. The convex hull of a cartesian product is the cartesian product of the convex hulls. 
The set of extreme points of a cartesian product is the cartesian product of the extreme 
points. Since the extreme points of co(T) = T the result follows. □ 

Lemma 11. If K is a compact subset of T 2 C C 2 , then 

Ext(co(AT)) = K. 

Proof. Since K C T 2 , if z G K , then z is an extreme point of co(T 2 ) by Lemma 10 and 
therefore of co(A'). Hence K C Ext(co(A')). On the other hand, Ext(co(AT)) C K for any 
compact subset K of C n . □ 

Definition 9. The joint approximate point spectrum for a 2-tuple T is defined to be the set 
of points A G C 2 such that there exist unit vectors {ar-} such that 

||(Ti - Xi)x k \\ —> 0 for i — 1, 2. 

We denote joint approximate point spectrum as a ap (T). 

The following two lemmas are well known. Among the many references, see [Cur88, 
Cho75b]. The theorem following these lemmas can be found in a paper of Wrobel [Wro86]. 


°Tay 
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Lemma 12. The approximate point spectrum of a commuting tuple T of operators on Hilbert 
space lies in the Taylor spectrum of T. 

Lemma 13. The Taylor spectrum of a commuting tuple T of operators on Hilbert space is 
nonempty and compact. 

Theorem 8. IfT is a commuting tuple of operators on Hilbert space, then 

Ext(co(er Ta y(T))) = Ext(co(cr ap (T))). 

Lemma 14. Suppose T is a commuting 2-tuple of invertible operators on a Hilbert space H 
and c,d> 0 and T lifts to a 2-tuple J G Zc,d acting on the Hilbert space K, i.e. there is an 
isometry V : H —>■ K such that 

VT a = rv 

for every multi-index a. If A G a ap (T ), then A G cr ap (J); i.e., a ap (T) C cr ap (J). 

Proof. For i = 1,2, 

V(T t - A,) = (Ji - Xi)V. 

If ||(Tj — Aj)xfc|| — > 0 as k — * oo, then ||H(Tj — Aj)xfc|| —* 0 as k — * oo since V is an isometry. 
Hence for the unit vectors y = Vxk , 

||(Ji — K)Vxk\\ —>• 0 

as k —» oo. □ 

We are now in position to show a^yiT) C J. Since Tj and J* are invertible for i — 1,2, 
both cr Taj y{T) and a^ay(J) are subsets of T 2 , since for instance er Tay (T) C cr(Ti) x cr(T 2 ) C T 2 . 
In particular, by Theorem 8 and Lemma 12, 

Cr T ay(W) = Ext(co(<7Tay(-4))) = Ext(co(<J ap (H))) = <T ap (H), 

where A is either T or J. An application of Lemma 14 now gives cr Tay (T) C cr Tay (J), 
completing the proof of the first part of Proposition 7. 

We will now complete the proof of Proposition 7 by showing that we can alter the 2- 
tuple J so that 0Ta y (</) T <jTay(T). We will state this as a proposition whose proof will 
require several lemmas and occupy the remainder of this section. Suppose T = (Ti,T 2 ) 
is a commuting tuple of invertible operators which lift to a commuting tuple of invertible 
operators J = (Ji, J 2 ) G Zc,d of the form (3) i.e. there exists an isometry V such that 

VT , T, = Ji J 2 V. 

Let U = (C/i, C/ 2 ) be the tuple of unitary operators appearing in J. As in [MR15] we will 
show that each Ui can be replaced with W t = (/ — P)Ui(I — P ), where P is the joint spectral 
projection for the complement of cr Tay (T). 
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Proposition 9. If a commuting tuple of invertible operators T lifts to a commuting tuple 
of operators J G 3 c ,d, then there exists a tuple of commuting invertible operators JI = 
f-i) e Zc,d such that T lifts to J and a Tay (T) = a Tay (J r ). 


Since the inclusion c’Tay(T) C ciayi#?) has already been established, it remains to prove 
that J* can be chosen in such a way that the reverse inclusion holds. 

Assuming Tj and T 2 are both invertible, by Theorem 3 there is a commuting 2-tuple of 
unitary operators U\ and U 2 acting on a Hilbert space F and an isometry V : H —> F(BF®F 
such that 


VTfT™ 


JfJffV 


for all m,n G N where the J, have Ui as entries for i — 1,2. If OTay(^) = T 2 , then there is 
not much to prove since Cray (J) G aTa, y {U) G T 2 and the proof is complete. So from this 
point onward we assume otherwise. 

As shown in [MR15] given an arc A in the complement of the spectrum of a 3-isometry 
T (cr(T) C T), there is a holomorphic function / such that |/| > 1 on the arc A and |/| < 1 
on and inside T, where T is a curve containing the spectrum. 

Let © denote the closed unit disk, {z G C : \z\ < 1}, in the complex plane C. 


Lemma 15. Let p = (e , e 102 ) be a point of T 2 in the complement of the Taylor spectrum 
of T . If fli, for i = 1,2, are open sets containing D and 2e l0i fz then there exists an open 
set O p C T 2 (open in the topology of T 2 ) such that O p fl o’T SLy (T) = 0 and a holomorphic 
function f p : Oi x h2 2 —> C such that |/ p | > 1 on O p and \f p \ < 1 on oray (T). Moreover there 
exist holomorphic functions f Pi : —y C such that 

f P {z 1 ,z 2 ) = f pi {zi) ■ f P2 (z 2 ). 


Proof. Given p = (e t01 ,e i02 ) G T 2 consider the functions 

hi'. Pti ^ C, hi(z) = — - for i = l,2 

(2 — e Wi z) 

and define h : Lli x Q 2 C by 

h(z u zt) = hM) ■ = p-e-njp-e-^y 

We note that h(p) = 1 and \h(z)\ < 1 whenever z p and 2 ; in the bidisk. Let K be 
a compact subset of T 2 not containing p and note \h n \ —y 0 uniformly on K as n —> 00 . 
Hence, \h N (z)\ < | for some N large enough and all z G OT a y(^)- Let C be a positive 
number such that 1 < C < 2 and let O p be an open set disjoint from the Taylor spectrum 
containing p such that C\h N \ > 1 on O p . Such an open set exists by continuity. Now define 
f p (z ) = Ch N (z) and note f p and O p satisfy the conditions of the lemma. It is clear there 
exists a f Pi for i = 1, 2 such that f p (zi, z 2 ) = f Pl (zi) ■ f P2 (z 2 ). □ 
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We now choose = h2 2 = fO. Since each U t is unitary we can dehne fi(Ui) through the 
holomorphic functional calculus or by the power series functional calculus. Of course both 
will give the same operator value for At the same time we may dehne each f Pi (Ji ) 

via the power series calculus. It is straight forward to verify 




cf' Pl {U i) 

0 N 


(u Vi) 

0 « u t )\ 

/„W) = 

0 

f P ,m 

0 

. UA) = 

0 

f K (u 2 ) o 


l 0 

0 

frM)J 


l 0 

o f K m) 

Dehne f p (J) by 









f P (J) = 





Similarly we may dehne f Pi {Ti) and hence /(T) by the power series functional calculus as 
well. We note that any other functional calculus used to dehne /(J) and f(T) must agree 
with the values given by the power series calculus. 


Now write with respect to the decomposition F (B F £B F 


V 


f v A 

V ! 

w 


Lemma 16. Let p G T 2 be in the complement o/er Tay (T) with f p and O p C T 2 as described 
in Lemma 15, then E(O p )Vi = 0 for £ = 0,1, 2. 


Proof. We will surpress the p in the notation for the functions f p , f Pl , and f P2 , writing /, /j, / 2 
instead. By the holomorphic functional calculus we know converges to zero in the 

operator norm since each f™ converges to 0 uniformly on the Taylor spectrum for T. Since 

Vff(T l ) = ff{J t )V for z = 1,2, 

ff{Ji)V also tends to 0 in operator norm. Hence f n (J)V also tends to 0 in the operator 
norm. Let E be the unique joint spectral measure for the 2-tuple U such that 

E(A x B) = E 1 (A)E 2 (B) 

where E t is the spectral measure for U t , i = 1,2. Let P be the spectral projection for U 
corresponding to O p , 

P= I dE = E{O p ). 

J Op 

Consider, with respect to the decomposition K = F © F © F 

/o 0 o\ 

0 0 0 , 

v° 0 p y 


0®0©P 
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0 © P © 0 


and 


PffiOffiO 


Since f n (J)V converges to zero so do 


/o 0 o\ 

0 P 0 
v 0 0 Oy 

/p 0 o\ 
0 0 0 
v 0 0 Oy 


V*f n (J)*(0 © 0 © P)(0 © 0 © P)f n (J)V ., 
V*f n ( J)*(0 © P © 0)(0 © P © 0 )/ n ( J)V, 

and 

V*f n (J)*{P © 0 © 0)(P © 0 © 0)f n (J)V. 

By calculation 


0 

© 

0 

* 

£ 

©P)( 0 ffi 0 ffiP)/ n 

(J) 






(nuy 

0 

0 ^ 

(0 

0 

0^ 

(nm 

* 

* ^ 

= * 

f n (uy 

0 

0 

0 

0 

0 

nu) 

0 

V * 

0 

nuy) 

V° 

0 

p ) 

l 0 

0 

nuy 


/o 0 0 \ 

0 0 0 


\0 0 f n (U)*Pf n (U)J 

It follows that Pf n (U) V 0 tends to 0 in operator norm. However, Pf n (U)f n (U)P = f* n (U)P f n (U), 
since P is the spectral projection associated with U. Consequently, 

V*P\f n \ 2 PV 0 = V*f n (U)Pf n (U)V 0 0. 

But P\f n \ 2 P > P since \f n \ > 1 on the support O p of P. Thus PVo = 0. Similarly, 

V*f n (J)*( 0 © P © 0)(0 © P © 0 )f n (J)V 0 


and 

V*P\f n \ 2 PV 1 = V*f n (U)Pf n (U)Vi 0. 
Hence by similar argument PVi = 0. Lastly since 

V*f n (J)*(P © 0 © 0)(P © 0 © 0 )f n {J)V 0, 


by using the fact that Phi = PVo = 0 and arguing similarly to the previous cases we have 
that PV 2 = 0. □ 


Lemma 17. If A is a compact subset of T such that A D cr Tay (P) = 0, then E{A)V^ = 0 for 

£ = 0,1,2. 
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Proof. Since A is covered by finitely many 0 Pi , indexed by a finite set F we have 

E(A)V, S E ( [J O p , J V, X J2 E(O r .)V, 

\Pi£F J Pi&F 

hence E(A)Vi = 0 for £ = 1, 2. □ 

Since the proof of the following lemma carries over from [MR15] with only superficial 
modifications, we simply state the result here. 

Lemma 18. Suppose A 1 C A 2 C ... is an increasing sequence of Borel subsets of T 2 and let 
A = U jAj. If E(Aj)Ve = 0 for all j and t = 0,1,2, then E(A)Vi = 0. 

The complement of cr Tay (T) can be written as an increasing sequence of closed (compact) 
sets. By an application of Lemmas 18 and 17 

E(a^ y {T) c )V, = 0, fori? = 0,1, 2. 

Let P = 17(<7Tay(T) c ). Each W % — (I — P)Ui(I — P ) is unitary and 



/if, 

clT, 

0 ^ 


fw 2 

0 

dW 2 \ 

/i = 

0 

W\ 

0 

) cfz - 

0 

w 2 

0 


1° 

0 

w x ) 



0 

w 2 / 


have the appropriate form. Finally, by Proposition 8, <VTay(^) = 0T a y (W) C cr Tay (T). 

4.2. 3-Symmetric Operators Tuples. We will now go more in depth into using the holo- 
morphic functional calculus for T and J. For i = 1, 2 let fl* be a simply connected open 
subset of the plane. While the power series functional calculus was sufficient previously, in 
the forth coming section we will need to consider logarithms and a power-series approach is 
not viable. Given a 2-tuple of commuting operators T = (Ti,T 2 ) with each cr(Tj) C let 
gi, for i = 1,2, be analytic functions. By use of the holomorphic functional calculus we can 
define the operators gi{Tf). By Runge’s Theorem there is a sequence of polynomials (sj, n ) 
which converge uniformly on compact subsets of fto gi for both i — 1,2. The sequences of 
operators Sj in (Tj) converge in norm to g l (T i ) for i — 1,2, by the standard properties of the 
holomorphic functional calculus. Consider a 2-tuple of operators J = (Ji, J 2 ) of the forms 
(3) with a(Ui) C fl* for i — 1,2, where each hb is an open simply connected subset of C. 
For the analytic functions g l defined on Vti for i = 1,2, with polynomials (s«, n ) converging 
uniformly, 




cUWliUf) 0 \ 

gi(Ji) = limsi n (Ji) = 

0 

m(Ui 

0 


l 0 

0 



(92{U 2 ) 

0 

dU 2 g' 2 (U 2 )\ 

g 2 (J 2 )= lim s 2n {J 2 ) = 

0 

92{U 2 ) 

0 


^ 0 

0 

92(U 2 ) j 
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For a normal operator T the operator g^T) is normal as well. Moreover, the spectrum of 
gi(T) is given by the spectral mapping theorem as gi(a(T)). Hence, given a tuple J = (J 1; J 2 ) 


and holomorphic functions g\ and g 2 we have a formula for g\{J\) and g 2 (J 2 ) as well as their 


respective spectra. 

To get some information about the individual spectra, we will use the projection property 
for the Taylor joint spectrum. As seen in Curto [Cur88], let A and B be a n-tuple and k- 
tuple respectively i.e. A = (A 1; ..., A n ) and B = (B k ,..., B k ). Let (A, B ) denote the tuple 
(Ci,..., C n+k ) where 



^"l,...,n^"Tay -®) ^"Tay (-'4) 


and 


7Pi-Tl,...,n-Tfc ( TTay (A, -B) fLTay(B) 


where we define 7r li jn : C n x C k —> C n , {z\ 1 ..., z ni Z\ +n , ..., z n+k ) 1 —> (z\,... z n ) and similarly 
for 7fn+i,...,n+k- For us this projection property implies 


7TiCrTay(Fi,T 2 ) = fT T ay(^) = ^(Ti) 


for % — 1,2. In the context of Proposition 9, if T = (Tj, T 2 ) lifts to a tuple J e Zc,d, then 
there exists a Jordan tuple JA e 3 c ,d such that 


^Tay(^) = CTTay(F). 

Since ^/ 2 ) = a Ta , y (T 1 ,T 2 ), by the projection property, 

^{/i) = ^Tayt^/l, ^ 2 ) = ^Tay(?1, T 2 ) = 

for j = 1, 2. Let U = (Ui, U 2 ) be the unitary commuting tuple appearing in Jk = (^ 1 , ^A)- 
Since it will be of relevance in the exposition to follow we recall for the reader the equality 

°(Ui) = 


Definition 10. A tuple of operators T = {TATA) will be called a commuting 3-symmetric 
tuple if there exist bounded operators B j k such that, 


exp(fs 2 7 2 )*exp(isi7i)*exp(isi7i)exp(zs 2 7 2 ) — I + 



0<j+k<2 


for all (si, s 2 ) G R 2 . 
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It is clear that if T — {T\,T 2 ) is a commuting 3-symmetric tuple, then T = ( e tri ,e l7< 2 ) is a 
3-isometric tuple. 

Consider commuting 2-tuples of 3-symmetric operators (71,7^) whose spectra lie in 
[ai,6i] and [a 2 ,b 2 \ respectively. We note that the Taylor joint spectrum for (71, T^) must be 
contained in [ai, bi] x [a 2 , b 2 \. Let G(z) = exp(i^) and let Sj = G([a,, bi]). Suppose the length 
of each [a i; b,} is strictly less than 27r. In this case Si is a proper subset of the unit circle T. 
For each i there exists Qj D [a*, bi] and D Si, open simply connected subsets of C such 
that 

Gi = G|n 1 : Q, —> hi*! 

G 2 = G|n 2 : fi 2 —y fi* 2 

are bi-analytic. For the operator 2-tuple of commuting 3-symmetric operators T = (Ti,!^) 
with <j(Ti) C [a,i,bi\ the operators Gj(Tj) are defined by the holomorphic functional calculus 
and cr(Gi(Ti)) C Si C T. Let Tj = Gi(T) and suppose the commuting 3-isometric 2-tuple 
T = (Ti,T 2 ) lifts, i.e. there exists an isometry V and a Jordan tuple J such that 

VTl l T™ = 


By Proposition 9 and the projection property there exist unitary operators W\ and W 2 and 
an isometry V such that 



(w, 

cWj 

0 N 



VTi = 

0 

Wi 

0 

V = 

J{V 


\° 

0 

IF, J 




fw 2 

0 

dW 2 \ 



vt 2 = 

0 

w 2 

0 

V = 

J 2 V 


1° 

0 

w 2 ) 




where cr(VF) = er(Tj). Again each Gi is bi-analytic in the neighborhood of the spectrum of 
each ./, hence 

VTi = VG^iT,) = G^iJjV 

( 40 ) 

vr 2 = vg 2 \t 2 ) = G 2 \J 2 )V. 


G i l (Wi) and note (G t 1 ) , (hF) 


iwr 

Hence 


(Ai 

—ic 

0 ^ 

VTi = 

0 

A\ 

0 


v° 

0 

A J 


^ a 2 

0 

—id) 

vr 2 = 

0 

a 2 

0 



0 

A 2 J 


V 
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If the spectrum of each 71 does not have length less than 2tt we can do the same analysis 
on the operators 71 = t,T, where each t, is chosen so that &(Tf) is of length less than 27T. 
As shown in [MR15] these are also 3-symmetric operators. The Taylor spectrum of the 3- 
symmetric tuple T = (77, 7^) is contained in some [ai,h 2 ] x [a 2 ,b 2 ] where each [ai,bf\ is of 
length less than 27 t. Again T = (exp(i7i), exp( 172 )) is a 3-isometric tuple and suppose they 
lift by Theorem 3, i.e. there exists an isometry V and Jordan tuple J such that 

VT£T™ = J^JfV 

and moreover 

VTi = J,V. 

By applying the same argument as in (40) we have 

vfi = JiV 

and thus 

VTi = \ry. 

By noting that T and T = exp(zT) share the same operator pencil, we see that the 
3-symmetric version of Theorem 3, stated below for the reader’s convenience, holds. 

Theorem 9. Tuples of 3-symmetric operators (71,%) will lift to a 2-tuple (J \, J 2 ) of the 
forms 



( A1 

—ic 

0 ^ 


^ A 2 

0 

—id) 

Jl = 

0 

A l 

0 

J 2 = 

0 

a 2 

0 


1 ° 

0 

A J 


1 ° 

0 

a 2 J 


if and only if the polynomial 

Qr( a > P) = I + aJ3i,o + @Bo,i + oifSBi'i + a 2 B 2 .o + ft 2 So ,2 — B 2 ,o — ~p -3(3,2 — ^ 
factors in the form, 

Qr(a, P) = (Vo + aV 1 + PV 2 )*(V 0 + aV 1 + PV 2 ) 
for some operators V 0 , V\ and V 2 in 38(H). 

Proof. By the arguments in this section, we need only prove one statement, that with 7\ = 
exp(z7i) and T 2 = exp(iT 2 ) that T = (7\,T 2 ) e ff c .d for some c, d > 0. However, this is 
rather simple. For (si,s 2 ) G R 2 , let 

Q(si, s 2 ) := I + ^2 s i s 2 ^j,k = exp(zs 2 72)* exp(isi7i)* exp(zsi7i) exp(is 2 7 2 ). 

0<j+fc<2 

By definition, 

exp(it 2 7 2 )* exp(itiTi)*Q(si, s 2 ) exp(?7i7J) exp(it 2 7 2 ) = Q(si + H, s 2 + t 2 ). 

Hence by term comparison 

exp(it 2 T 2 )* expfaiTi)*B 0 t 2 exp(itiTi) exp(it 2 T 2 ) = B 0:2 
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and 


exp(i£ 2 72)*exp(i£i7I)*-B2,oexp(^i7i)exp(i£ 2 72) = R 2j0 . 

If c and d are large enough such that 

I - -B 0 2 — -B 2 ,o b 0, 

cr a 

then 

exp(zt 2 7 2 )* exp(iti7i)*(/ - ^^ 0,2 - ^-B 2 ,o) exp(?H7i) exp(it 2 7^) b 0. 

The existence of such c and d is easy enough to show, and thus T = (e lTl ,e lT2 ) = (Ti,T 2 ) 6 

□ 


In the context of Helton and Ball’s conjecture 1 we have established a necessary and 
sufficient condition in the case {T n } has cardinality two. Hence, any attempt to solve this 
conjecture will be met with our factoring condition. 
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